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Non-universal Casimir Effect in Saturated Superfluid 4He Films at Tλ
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Measurements of Casimir effects in 4He films in the vicinity of the bulk superfluid transition temperature
Tλ have been carried out, where changes in the film thickness and the superfluid density are both monitored as
a function of temperature. The Kosterlitz-Thouless superfluid onset temperature in the film is found to occur
just as the Casimir dip in the film thickness from critical fluctuations becomes evident. Additionally, a new
film-thickening effect is observed precisely at Tλ when the temperature is swept extremely slowly. We propose
that this is a non-universal Casimir effect arising from the viscous suppression of second sound modes in the
film.
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Saturated liquid 4He films, in contact with the bulk liquid,
form an illuminating model system as a condensed matter ana-
logue of the electromagnetic Casimir effect. Thermal fluctua-
tions in the film are limited by the finite thickness of the film,
leading to a free-energy difference with the unlimited fluctua-
tions in the bulk [1]. This causes a change in the film thickness
as the atoms move to minimize the free energy. The equilib-
rium thickness is determined by an energy-balance relation
per atom of mass m for a film of thickness d at a height h
above the bulk helium surface,
mgh = UvdW +Kcrit +KG +K2 , (1)
where the substrate van der Waals interaction UvdW at the
film surface [2], including retardation effects, is given by
(γ0/d
3)(1 + d/d1/2)
−1
. This is the main term determining
the film thickness, with γ0 the van der Waals constant equal
to 3.59×10−13 erg A˚3 for a Cu substrate, and d1/2 = 193 A˚ .
The fluctuation-induced Casimir forces K then produce
small additional shifts ∆d as the temperature is swept near
the bulk superfluid transition temperature Tλ. The force Kcrit
comes from critical fluctuations near the transition tempera-
ture, i.e. the vortex loops in the model of Ref. [3]. Finite-size
scaling theories [4–6] show that Kcrit = V kBTλθ(x)/d3
where θ(x) is a universal scaling function of the variable
x = t(d/ξ0)
1/ν with t = (T − Tλ)/Tλ, ν = 0.6717, ξ0 =
1.43 A˚ the amplitude of the coherence length above Tλ (using
the normalization of Ref. [7]), and V = 45.8 A˚3 the volume
per helium atom. Experiments [8–11] have observed a dip
in the film thickness corresponding to these critical fluctua-
tions in agreement with simulations [12], and data collapse of
films of different thickness confirmed the form of the scaling.
One factor not well determined in experiments to date is the
location of the Kosterlitz-Thouless (KT) superfluid transition
relative to the dip in film thickness. A quartz microbalance os-
cillator technique at 5 MHz [10] seemed to show the transition
as occurring at a temperature somewhat below the bottom of
the dip, but the exact location could not be pinpointed because
the high frequency greatly broadens the KT transition [13].
The term KG in Eq. 1 refers to the free energy difference
between bulk and film due to thermally excited Goldstone
modes[14]. It was originally proposed that such modes should
include the second sound mode in the case of liquid helium
[11, 15, 16], but since we question this we include instead a
separate term K2 for second sound, to be discussed below.
For Goldstone modes such as spin waves in the XY model
the free energy difference arises because standing waves form
in the direction perpendicular to the film surface, eliminat-
ing modes that can still propagate in the bulk. This gives
KG = V kBTζ(3)/(8pid
3), a result well confirmed in com-
puter simulations [7, 12, 17, 18] and analytic calculations [19]
for XY spin waves. The experiments in helium did find a dif-
ference in film thickness between low temperatures and above
Tλ similar to but larger than this prediction [9, 11]; however
a later theory [16] showed that this was primarily due to en-
ergy differences in the waves at the free surface of the film
and bulk, resulting in a thinning magnitude nearly double the
the expression for KG above.
We doubt very much that second sound propagates at all in
saturated helium films. Second sound involves counterflow of
the normal fluid of viscosity η and density ρn, and in a film
this will halt any flow at angular frequencies ω where the vis-
cous penetration depth lv = (2η/ρnω)1/2 is larger than the
film thickness [20]. For a film with d = 300 A˚ near Tλ this is
all frequencies below ω/2pi = 6 MHz. Any possible modes at
higher frequencies in the film would necessarily be waveguide
modes reflecting from the free surface, and because second
sound involves temperature oscillations these would excite
sound waves in the helium vapor, leading to very strong atten-
uation from the dissipative Onsager reciprocity relations for
the evaporation-condensation process [20, 21]. Such waveg-
uide modes coupled to vapor in bulk helium have been ob-
served to be strongly attenuated (Q values of order 5) at only
a few hundred Hz [21], so we believe there is almost no prob-
ability they could propagate at MHz frequencies in the film.
If there is no second sound in the film, then K2 in Eq. 1
2FIG. 1. Schematic of the capacitor electrodes. (Color online)
will just be equal to F2V , where F2 is the free energy per unit
volume of second sound in the bulk superfluid. Second sound
is well known to propagate in the bulk to within microkelvins
of Tλ [22, 23], but it then ceases propagation above the su-
perfluid transition, which will cause K2 to drop to zero. This
means from Eq. 1 that there must be a step increase at Tλ in
the film thickness, which to linear order in ∆d/d is
∆d
d
=
−F2(Tλ)V
3 UvdW
(
1 + dd1/2
)
(
1 + 4
3
d
d1/2
) . (2)
We report here the experimental observation of just such a
step increase in the thickness at precisely Tλ, but which only
becomes apparent for an extremely slow sweep near the tran-
sition. Also, in studies of the critical-fluctuation Casimir ef-
fect we have used third sound measurements on the same films
to determine the KT onset temperatures, and find that the on-
set occurs at the very beginning of the dip in thickness.
Our experimental cell is mounted in a vacuum space inside
a conventional 1 K pot cryostat. There are three intermedi-
ate thermal stages between the 1 K pot held at 1.9 K and the
experimental stage, which minimizes thermal gradients. The
temperature of the experimental stage is regulated by applying
feedback heat to the intermediate stages using PID tempera-
ture control, while the cell itself is not directly regulated. The
cell temperature is measured with a germanium thermometer
attached to the outside of the cell, with a resolution of about
10 µK. The position of Tλ can be determined to within 30 µK
by the change in the temperature drift of a carbon thermome-
ter at the end of a stainless tube extending from the bottom of
the cell. All thermal connections are made with gold plated
copper press joints to maximize the thermal conductivity. The
cell fill line capillary is connected to the bottom of the cell
through a pressure actuated cold valve, so that the cell can be
isolated from other parts of the cryostat during measurement.
Our capacitor substrates (shown schematically in Fig. 1) are
fashioned from OFHC copper, which after assembly in copper
holding plates with Stycast 1266 epoxy, are diamond-turned
to give a surface roughness of less than 10 nm, as checked with
an atomic force microscope. The capacitor plates are cleaned
and assembled in a microfabrication facility and clean room to
minimize any possible dust. The lower capacitor plate is parti-
tioned into four rectangular quadrants of size 0.9× 1.2 cm, in
order to probe the He films with third sound. 2 mm grounding
strips minimize any cross talk between the quadrants. A relief
channel 1 mm deep and 2.5 mm wide is machined out of the
region surrounding both the upper and lower electrodes to pre-
vent any capillary filling. The gap is set by placing a spacer of
60 µm thick Kapton film between the substrate holders, touch-
ing only at the outer edge of the relief channel. Six channels
in the lower holder allow the helium film and vapor to enter
freely.
The empty cell capacitance of a quadrant is approximately
15 pF. An identical electrode assembly is bolted to the out-
side of the sealed cell in the vacuum, and forms a reference
capacitor for a ratio transformer bridge. The ratio transformer
at room temperature is thermally insulated and temperature-
regulated to 0.1 C. The thickness of the film is measured
from the capacitance ratio by subtracting out the vapor con-
tribution to the cell capacitance, using the same methods as
Refs. [9, 11]. Third sound is generated in the film by applying
an oscillating electric field to one of the quadrants, sweeping
slowly from 3-20 Hz, and detecting resonant modes by the
capacitance change of the diagonal quadrant [24]. The equi-
librium film thickness well below the λ point is actually most
accurately measured with the third sound speed [25].
Figure 2 shows the change in film thickness for several
films near Tλ at a temperature sweep rate about 400 µK/hr.
The Casimir force Kcrit from critical fluctuations is read-
ily apparent, causing a dip in the film thickness when the
coherence length equals the film thickness, in good agree-
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FIG. 2. Change in the film thickness versus temperature. (Color
online)
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FIG. 3. Casimir force scaling function from the data of Fig. 1 (left
axis), and average superfluid density (right axis). (Color online)
ment with the previous measurements. Figure 3 shows the
Casimir force scaling function, with the same good data col-
lapse as also seen previously [9, 11]. At the dip minimum we
find xmin = −6.0(5) and θmin = −1.2(1), compared with
xmin = −5.7(5) and θmin = −1.30(3) found previously.
This can also be compared with Monte Carlo simulations on
XY spins with free boundary conditions at the top and bot-
tom boundaries [7, 17, 18], which find xmin = −5.3(1) or
-5.43(2), and θmin = −1.35(3) or -1.396(6).
Our ability to monitor third sound in these films allows us
to determine the Kosterlitz-Thouless onset relative to the dip
in thickness. The superfluid density averaged across the film
can be extracted from the third sound speed, shown as the red
symbols in Fig. 3 plotted on the right-hand axis. The signal
can no longer be detected past the last points plotted, and at
that point the value of ρ¯sd/TKT averaged over the different
films is 4.7±1.5 ng/cm2 K, only somewhat above the universal
KT value of 3.5 ng/cm2 K. This occurs at a value xKT = -
11.1(4) shown by the arrow. These very low frequency (4-5
Hz) onset values of TKT are consistent with previous results
in films near the lambda point [26]. The onset occurs at the
very beginning of the dip in thickness, a result predicted in
the vortex-loop theory [3] (though only for periodic boundary
conditions). The Monte Carlo simulations [7] give the KT
transition at xKT = -7.6, more in the middle of the dip, but
this is due to the fact that XY spins have a higher vortex core
energy than found for helium films [27], and the higher core
energy shifts TKT to higher temperatures.
We were initially puzzled by the relative maximum in the
film thickness near the transition temperature Tλ seen in
Figs. 2 and 3, which was also observed in the quartz microbal-
ance experiment [10]. We found, however, that this feature
was quite dependent on the temperature sweep rate. When
we increased the sweep rate to about 2 mK/hr, we found only
a smooth increase through Tλ to a constant value, very simi-
lar to the behavior seen in Ref. [9]. We decided to sweep as
slowly as we could near the transition, starting a few hundred
µK below Tλ and taking upward steps of 20 µK, equilibrating
for 3-5 hours at each point for the temperature and capacitance
to stabilize. The results are shown in Figure 4 for three film
thicknesses. Below Tλ there is little variation over this very
restricted range, but right at Tλ a sudden step increase in the
thickness occurs, with the magnitude of the increase a strong
function of the equilibrium film thickness. We suspended the
temperature stepping once the thickness started to increase;
for example with the 480 A˚ film the increase was followed for
about 15 hours before it started to level off and the tempera-
ture steps were resumed. By checking different quadrants we
found the same value of the step increase, showing that the
film is uniform across the cell and that this effect is not due
to capillary condensation, which would tend to localize the
thickness change to one quadrant. We also checked that this
effect is present for temperature sweeps both up and down in
temperature through the lambda point, shown in Fig. 5 for two
sweeps of the 344 A˚ film, taken a week apart. To within our
temperature and thickness resolution, these sweeps show that
the step behavior is quite reproducible.
Figure 6 shows the relative change in film thickness ∆d/d
at the transition as a function of d, which increases rapidly.
This is quite consistent with the rapid increase predicted by
Eq. 2, since UvdW is a strong function of d. The solid line
in Fig. 6 is a fit to a rootfinder solution of the full Eq. 1, with
the second-sound free energy F2 as the only free parameter,
yieldingF2 = -3.5 erg/cm3. To our knowledge, there has never
been a calculation or measurement of the free energy of sec-
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FIG. 4. Change in film thickness observed at the superfluid transition
for extremely slow temperature sweeps. (Color online)
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FIG. 5. Change in the 344 A˚ film thickness for sweeps warming and
cooling through the transition. (Color online)
ond sound in bulk helium to compare with our value for F2 at
Tλ. This would require a detailed theory of the properties of
thermally excited second sound near Tλ at MHz frequencies,
a regime where the wavelength is smaller than the correlation
length, well outside the low-frequency hydrodynamic regime.
There has been some theoretical work in this area [28, 29], but
comparison to experiment has only been at the single wave-
length investigated in the light-scattering experiments [23].
An initial calculation of the free energy can be attempted
using the Debye approximation commonly used for phonons
in solids. We assume that the angular Debye cutoff frequency
ωD is the highest frequency where the mode propagates, e. g.
where the quality factor Q ≈ 1. In the limit h¯ω/kBT ≪ 1 (a
good approximation since c2 is relatively small), the expres-
sion for the free energy is
F2 =
kBT
2pi2c3
2
∫ ωD
0
ω2 ln
(
h¯ω
kBT
)
dω (3)
= −
kBT
2pi2
(
ωD
c2
)3 [
1
9
−
1
3
ln
(
h¯ωD
kBT
)]
.
In evaluating this expression for T very close to Tλ, the
value of c2 at MHz frequencies does not go to zero, due to
finite-wavenumber and finite-frequency broadening (seen in
the light-scattering measurements [23] and known from the-
ory [28–30]), but becomes roughly constant starting about 50
µK from Tλ. The light-scattering measurements very close
to Tλ are only available at high pressure (23.1 and 28.5 bars),
but a rough extrapolation to the saturated vapor pressure of the
films using low-frequency measurements [22] gives an esti-
mate for c2 at Tλ of 80 cm/s. Inserting this value and the fitting
result of the step data, F2(Tλ) ≈ -3.5 erg/cm3 into Eq. 3 we
find a value of ωD/2pi ≈ 6 MHz. This is a fairly reasonable or-
der of magnitude estimate, since the Brillouin line in the light
scattering data near Tλ at 1.93 bars [31] already shows strong
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FIG. 6. Relative jump in the film thickness at Tλ. The solid line is a
fit to Eq. 1, giving F2(Tλ) = -3.5 erg/cm3. (Color online)
attenuation, with the Q ≈ 3 at a center frequency of 4 MHz at
500 µK from the transition. However, the frequency depen-
dence of the attenuation in this non-hydrodynamic regime is
not well known. There is certainly a need for a more detailed
theory of the free energy of second sound close to Tλ.
The long relaxation time for the appearance of the sharp
step at Tλ probably arises from the complete lack of superflu-
idity in both the film and the bulk. The only means of mass
transport to change the film thickness is then through the va-
por, and this is a very slow mass diffusion process, particu-
larly since the vapor in the 60 µm channel is also viscously
constrained. It is very easy to miss the step (as we did numer-
ous times early in this data run); the key procedural difference
in observing the effect was to halt the (already very slow) tem-
perature sweep at the first sign of even a slight change in the
capacitance [32]. We did not observe any noticeable change
in the mass relaxation rate in the film at and above TKT for
different sweep speeds (similar to Refs. [9, 11]), probably be-
cause there is still finite-frequency superfluidity in the film
[13], which finally disappears only at Tλ.
We note that the first sound mode very likely does not play
any role in this Casimir effect in helium films. First sound is
known to propagate to very high frequencies in both the bulk
[33] and in films [34]. For such wavelengths smaller than the
film thickness there will be little difference between the free
energy of the film and the bulk, and no change at the lambda
point since the modes exist both below and above Tλ.
In summary, we identify the onset of the KT transition in
saturated helium films to occur right at the start of the Casimir
dip in film thickness. In addition we observe a new step
increase in the film thickness at Tλ that we attribute to the
abrupt cessation of second sound in the bulk liquid. Since
this Casimir effect is related to the unique properties of sec-
ond sound in helium (the viscous suppression of the mode in
films) and involves material-dependent quantities such as c2,
5it will not be a universal property of XY superfluids.
We thank Joseph Rudnick for very useful discussions,
Hong-Wen Jiang for the use of the AFM, and Vincent Wong
for help with data analysis. A portion of this work was car-
ried out at the Jet Propulsion Laboratory, California Institute
of Technology, under a contract with the National Aeronautics
and Space Administration, and was also supported in part by
the National Science Foundation, grant DMR-0906467.
[1] M. Krech, The Casimir Effect in Critical Systems (World Sci-
entific, 1994).
[2] E. Cheng and M. W. Cole, Phys. Rev. B 38, 987 (1988).
[3] G. A. Williams, Phys. Rev. Lett. 92, 197003 (2004).
[4] M. E. Fisher and P. G. DeGennes, C.R. Acad. Sci. (Paris) 28,
207 (1978).
[5] D. Danchev, Phys. Rev. E 53, 2104 (1996).
[6] M. Krech, J. Phys. Condens. Matter 11, R391 (1999).
[7] O. Vasilyev, A. Gambassi, A. Maciolek, and S. Dietrich, Phys.
Rev. E 79, 041142 (2009).
[8] R. J. Dionne and R. B. Hallock, in Quantum Fluids and Solids-
1989, AIP Conf. Proc. No. 194, edited by G. Ihas and Y. Takano
(AIP, New York, 1989) p. 199.
[9] R. Garcia and M. H. W. Chan, Phys. Rev. Lett. 83, 1187 (1999).
[10] R. Garcia, S. Jordan, J. Lazzaretti, and M. H. W. Chan, J. Low
Temp. Phys. 134, 527 (2004).
[11] A. Ganshin, S. Scheidemantel, R. Garcia, and M. H. W. Chan,
Phys. Rev. Lett. 97, 075301 (2006).
[12] A. Hucht, Phys. Rev. Lett. 99, 185301 (2007).
[13] D. Bishop and J. D. Reppy, Phys. Rev. Lett. 40, 1727 (1978);
M. Hieda, K. Matsuda, T. Kato, T. Matsushita, and N. Wada,
J. Phys. Soc. Jap. 78, 033604 (2009); V. Ambegaokar,
B. Halperin, D. Nelson, and E. Siggia, Phys. Rev. B 21, 1806
(1980).
[14] H. Li and M. Kardar, Phys. Rev. A 46, 6490 (1992).
[15] M. Kardar and R. Golestanian, Rev. Mod. Phys. 71, 1233
(1999).
[16] R. Zandi, J. Rudnick, and M. Kardar, Phys. Rev. Lett. 93,
155302 (2004).
[17] M. Hasenbusch, J. Stat. Mech. , P02005 (2009).
[18] M. Hasenbusch, Phys. Rev. B 81, 165412 (2010).
[19] V. Dohm, Phys. Rev. Lett. 110, 107207 (2013).
[20] D. J. Bergman, Phys. Rev. A 3, 2058 (1971).
[21] G. A. Williams, J. Low Temp. Phys. 50, 455 (1983).
[22] D. S. Greywall and G. Ahlers, Phys. Rev. A 7, 2145 (1973).
[23] J. A. Tarvin, F. Vidal, and T. J. Greytak, Phys. Rev. B 15, 4193
(1977).
[24] J. A. Hoffmann, K. Penanen, J. C. Davis, and R. E. Packard, J.
Low Temp. Phys. 135, 177 (2004).
[25] J. B. S. Abraham, Ph.D. thesis, UCLA (2013).
[26] F. M. Gasparini, M. O. Kimball, K. P. Mooney, and M. Diaz-
Avila, Rev. Mod. Phys. 80, 1009 (2008).
[27] H. Cho and G. A. Williams, Phys. Rev. Lett. 75, 1562 (1995).
[28] B. I. Halperin, P. C. Hohenberg, and E. D. Siggia, Phys. Rev.
B 13, 1299 (1976).
[29] E. D. Siggia, Phys. Rev. B 13, 3218 (1976).
[30] G. A. Williams, Phys. Rev. Lett. 68 (1992); 71, 392 (1993).
[31] G. Winterling, J. Miller, and T. J. Greytak, Phys. Lett. 48A, 343
(1974).
[32] Ref. [11] reported sweeping through the lambda point at rates
between 10 and 40 µK/hr, finding ”a small discrepancy very
close to Tλ not present in earlier work”. It is left unclear exactly
what that discrepancy was, but from our experience 40 µK/hr is
too fast to observe the step effect we found, particularly since
for their relatively thin films the step would be quite small and
easy to miss. Even 10 µK/hr would be too fast if the sweep is not
halted and held for many hours at the first sign of a capacitance
change, as in our measurements .
[33] A. D. B. Woods and R. A. Cowley, Phys. Rev. Lett. 24, 646
(1970).
[34] C. H. Anderson and E. S. Sabisky, Phys. Rev. Lett. 28, 80
(1972).
